Introduction
We continue to study Zariski pairs in sextics. In this paper, we study Zariski pairs of sextics which are not irreducible. The idea of the construction of Zariski partner sextic for reducible cases is quit different from the irreducible case. It is crucial to take the geometry of the components and their mutual intersection data into account. When there is a line component, flex geometry (i.e., linear geometry) is concerned to the geometry of sextics of torus type and non-torus type. When there is no linear components, the geometry is more difficult to distinguish sextics of torus type. For this reason, we introduce the notion of conical flexes.
We have observed in [9] that the case ρ(C, 5) = 6 is critical in the sense that the Alexander polynomial ∆ C (t) can be either trivial or non-trivial for sextics. If ρ(C, 5) > 6 (resp. ρ(C, 5) < 6), the Alexander polynomial is not trivial (resp. trivial) ( [9] ). For the definition of ρ(C, 5)-invariant, see [9] . Thus we concentrate ourselves in this paper the case ρ(C, 5) = 6. In [10] , we have classified the possible configurations for reducible sextics of torus type. In particular, the configurations with ρ(C, 5) = 6 are given as in Theorem 1 below. Hereafter we use the same notations as [9] for denoting component types. For example, C = B 1 + B 5 implies that C has a linear component B 1 and a quintic component B 5 . We denote the configuration of the singularities of C by Σ(C). The non-existence of sextics of non-torus type with the above exceptional configurations will be explained by flex geometry. The existence will be also explained by the flex geometry for those which has a line components and by conical flex geometry for the component type [2, 5, 4, 3] 2. Reducible sextics of non-torus type To compute explicit polynomials defining reducible sextics, it is not usually easy to look for special degenerations into several irreducible components starting from the generic sextics i+j≤6 a ij x i y j . Recall that we have classified all possible reducible simple configurations in [10] and it is easier to start from a fixed reducible decomposition. In fact, the geometry of the configuration of a reducible sextic depends very much on the geometry of each components. A smooth point P ∈ C is called a flex point if the intersection multiplicity of the tangent line and C at P is strictly greater than 2. First we recall the following fact for flex points ( [6, 8] ).
Lemma 4. Let C : F (X, Y, Z) = 0 be an irreducible plane curve of degree n with singularities {P 1 , . . . , P k }. Then the number of flexes ι(C) is given by
where the second term ε(P i ; C) is the flex defect and given by the local intersection number of C and the hessian curve of C at P i .
Generic flex defect of simple singularities we use are
Recall that flex points of a curve are described by the hessian of the defining homogeneous equation. When we have an affine equation C : f (x, y) = 0, flex points in C 2 are described by f (x, y) = f lex f (x, y) = 0 ( [8] ) where
This is an easy way to check flex points from the affine equation.
A sextic C is of (2,3)-torus type if we can take a defining polynomial of the form f 2 (x, y) 3 + f 3 (x, y) 2 = 0 where degree f j = j. The intersections f 2 = f 3 = 0 are singular points of C and we call them inner singularities. For a given sextic C of torus type whose singularities are simple, the possible inner singularities are (♯) : {A 2 , A 5 , A 8 , A 11 , A 14 , A 17 , E 6 }. A convenient criterion for C to be of torus type is the existence a certain conic C 2 such that C 2 ∩ C ⊂ Σ(C) (Tokunaga's criterion [11] , Lemma 3, [7] ).
A sextic of torus type C is called of linear torus type if the conic polynomial f 2 can be written as f 2 (x, y) = ℓ(x, y) 2 for some linear form ℓ(x, y) ( [9] ). A sextic of linear torus type can have only A 5 , A 11 , A 17 as inner singularties and the location of these singularities are colinear.
The proof of Theorem 2 is done by giving explicit examples. For the better understanding of the existence or non-existence of the Zariski pairs, we divide the above configurations into the following classes. 3. Configuration coming from quintic flex geometry Let B 5 be an irreducible quintic and let P be a flex point of B 5 . We denote the tangent line at P by L P . We say that P is a flex of torus type (respectively a flex of non-torus type) if B 5 ∪ L P is a sextic of torus type (resp. of non-torus type). The following configurations are mainly related to the flex geometry of certain quintics. (By 'flex geometry', we mean the geometry of the tangent lines at the flex points and the curve.) Recall that Σ(B 5 ) is the configuration of the singularities of B 5 . Let ι be the number of flex points on B 5 .
(
for k = 2, 3, 4 and ι = 13, 7, 1 respectively.
and ι = 11, 5 respectively. We are going to show the stronger assertion for the above configurations: the Zariski partner sextic of non-torus type are simply given by replacing the flex line components B 1 for the above cases, if B 5 has at least two flex points.
Let Ξ be a configuration of singularities on B 5 , which is one of the above list. Let M(Ξ; 5) be the configuration space of quintics B 5 such that Σ(B 5 ) = Ξ. We considere it as a topological subspace of the space of quintics. For our purpose, it is enough to consider the marked configuration subspace M(Ξ; 5) ′ which consists of the pair (B 5 , P ), where B 5 ∈ M(Ξ; 5) and P is a flex point of torus type. The following describes the existence of sextics of non-torus type with the above configurations. 
Proof. First recall that the topology of the complement of the sextics B 5 ∪L P for a flex point P of torus type and non-torus type are different. They can be distinguished by Alexander polynomial ( [9] ). Therefore to show the assertion about the positivity ι nt > 0, it is enough to check the assertion by some quintic B 5 . Examples will be given in the next subsection. Secondly, the irreducibility of the configuration space M(Ξ; 5) of quintics f 5 (x, y) = 0 with singularities Ξ = [4A has not 4 flexes but three flexes, one flex of flex order 4 (=dual of E 6 ) and 2 flexes of flex order 3 (i.e., dual of 2A 2 ). Thus we need another argument. Note that any three singular points can not be colinear on B 5 by Bézout theorem. We can consider the slice condition:
(⋆): E 6 is at (−1, 0) and two A 2 are at (0, 1), (0, −1) and one A 1 at (1, 0).
It is easy to compute that a Zariski open subset of this slice has the normal form: 3.1. Example for sextics with quintic components. We gives examples of sextics with a quintic components.
First we consider the case k = 2. The quintic has 4A 2 and 13 flex points. B 5 has two obvious flex points: P := (1, 0) and Q := (−1520/293, −287/293), where P is a flex of torus type and Q is a flex of non-torus type. There are 5 other flex points whose x-coordinates are the solution of
We can check that the roots of R 1 = 0 corresponds to flexes of non-torus type as follows.
(The same argument applies to other cases.) Note that any conics which is passing through 4 A 2 of B 5 are given by
Thus if there is a flex P (a, b) of torus type (so R 1 (a) = 0), there is a cubic form h 3 (x, y) such that the sextic C = B 5 ∪ L P is described as C := {h 2 3 + h 3 2 = 0}. On the other hand, put S 2 (x, d 01 ) be the polynomial of degree 2 in x defined by
where R(h 2 , f 5 , y) is the resultant of h 2 and f 5 in y and P (x) = 0 is the defining polynomial for the x-coordinates of 4 A 2 . Then S 2 must be c (x − a) 2 for some c = 0. Let b 1 (d 01 ) be the discriminant polynomial of S 2 in x and let b 2 (d 01 ) be the resultant of S 2 (x, d 01 ) and R 1 (x) in x. Thus we obtain two polynomials b 1 (d 01 ), b 2 (d 01 ) of the parameter d 01 which must have a common root: We can check that Case It has 8 flex points and four flexes are explicitly written as
Sextics of torus type are given by taking tangent lines at {P 1 , P 2 }, {P 3 , P 4 }. As a sextic of non-torus type, we can take the tangent lines at P 1 , P 3 so that the sextics is given by adding two lines (x − 1) (−4 y − 4 + 16 x) = 0. The configuration space of quartic with 2A 
Zariski pairs with the above configurations with fixed component type B 4 + B 2 can not be explained by the flex geometry. We have to generalize the notion of flex points. Let B be a given irreducible plane curve of degree d. Let Φ be a linear system of conics and let α be the dimension of Φ. For a general smooth point P ∈ B, the maximal intersection number of I(B, B 2 ; P ) for B 2 ∈ Φ is α. We say P is a conical flex point with respect to Φ if the intersection number I(B, B 2 ; P ) ≥ α + 1. If dim Φ = 5 (so Φ is the family of all conics), we say simply that P is a conical flex point. + 598 x + 676 y x − 598 x y 2 − 521 − 151 y 2 + 1150 y 3 − 1196 y + 626 y 4 ) = 0
Let us consider the case Σ(C)
Note that the singularities B 4 are 2 A 2 . The intersection B 2 ∩ B 4 makes two A 5 at P := (1, 0) and Q := (−1, 0). We consider the linear system Φ of conics of dimension 2 which are defined by the conics C 2 := {h 2 (x, y) = 0} such that I(C 2 , B 4 ; P ) ≥ 3. Then we consider the conical flex points R = (a, b) ∈ B 4 with respect to Φ, which is described by the condition ∃h 2 ∈ Φ such that I(h 2 , B 4 ; R) ≥ 3. We found that there are 11 conical flex points. Two of them can be explicitly given as S 1 = Q and S 2 := (0, −1). The corresponding conics are given as
We can easily check that the sextic The quartic B 4 has two 2A 2 +A 1 and we consider the linear system Φ of conics intersecting B 4 at P = (1, 0) with intersection number 3. We find that there exist 5 conical flex points with respect to Φ, and among them we have two explicit ones: Q = (−1, 0) and (0, −1). We see that the conic corresponding to (0, −1) gives a Zariski partner sextic f 6 = 0 to C = {f = 0}. It has an A 5 at P := (1, 0). We consider the linear system Φ of conics of dimension 2 whose conic are intersecting with B 4 at (0, 1) with intersection number 3. We find 14 conical flex points with respect to Φ in which two are explicit: R = ( The corresponding conics f 2 = 0, k 2 = 0 intersecting B 4 at P, Q oe P, R are given by the following and they gives sextics of non-torus type and of torus type respectively. 
Σ(C) = [3A
They correspond to the conical flex points (0, 0) and (0,1). The other conical flexes are very heavy to be computed. Next we consider the configuration [A 11 , 2A 2 , 3A 1 ] which is produced by a quartic B 4 with 2A 2 + A 1 and a conic B 2 with a single tangent at a conical flex. We find three conical flex points The corresponding conic which are tangent at the respective conical flex point P i , i = 1, 2, 3 are given by g 21 := y 2 + ( 1270 141
5. Lastly, we consider the configuration [A 11 , A 5 , 2A 1 ] which is associated to a quartic B 4 with an A 5 singularity and a conic B 2 tangent at a conical flex point with intersection number 6. As a quartic, we take:
has apparently 26 conical flex points. (The calculation is very heavy.) We take four explicit conical flex points: Put f 6j (x, y) := f 4 (x, y) n 2j (x, y) and C (j) = {f 6j = 0}. It is also easy to see that C (1) , C (2) are of non-torus type and C (3) , C (4) are of torus type.
5. Flex geometry of cubic curves 5.1. Configurations coming from cubic flex geometry: a cubic component and a line component. Let us consider first configurations which occurs in sextics which have at least a cubic component B 3 . We divides into the following cases.
. We first consider the cases (2) and (3). In these cases, there are one cubic component B 3 and at least one line component B 1 . Recall that the configurations in (2) and (3) occurs as sextics of linear torus type. For a reducible sextic C which is classified in either (2) or (3), the necessary and sufficient condition for C to be of torus type is there exists a line L containing inner singularities. In the case of Σ(C) = [A 11 , A 5 ], L is also tangent to the tangent cone of A 11 . We first recall the following basic geometry for cubic curves. Proof. The cubic has a node and three line components are flex tangent lines at three flex points. We know that such configuration exists as a sextics of linear torus type [10] . As the configuration space of one nodal cubics is connected, every sextics B 3 + B 1 + B ′ 1 + B ′′ 1 is of torus type. This Proposition describes sextics of torus type and non-torus type with configuration [3A 5 , j A 1 ], j = 0, 1, 2 ( (2-b) ).
Proof of Proposition 11. Assume that P = (0, 1) and Q = (0, −1) with the tanget lines y = ±1 respectively. Then by an easy computation, the cubic B 3 is defined by a polynomial f 3 := y 3 + y 2 a 12 x − y 2 a 00 + y a 21 x 2 − y + a 30 x 3 − a 00 a 21 x 2 − a 12 x + a 00 = 0 and the conic is given as y 2 + a 21 x 2 − 1 = 0. Then R is given as (0, a 00 ) and we can easily see that R is a flex of B 3 . By the same calculation, we see that Proposition 12. Assume that a cubic B 3 and a conic B 2 are intersecting at one points P with intersection multiplicity 6 producing an A 11 -singularity Then the tangent line passing at P intersects another point R ∈ B 3 and R is a flex point of B 3 .
Proof is similar. Putting P = (0, 0) and assuming y = 0 as the tangent line, the cubic is written as and R = (0, x t 2 a 11 + a 01 t 2 + x a 01 t 3 ).
Lemma 13. Assume that a conic B 2 is tangent to an irreducible curve C of degree d ≥ 3 at a smooth point P ∈ C so that I(B 2 , C; P ) ≥ 3. Then P is not a flex point of C.
Proof. Let h 2 (x, y) = 0 be a conic equation which defines B 2 . In fact, if P = (a, b) is a flex point of C, I(C, B 2 ; P ) ≥ 3 implies that C is locally parametrized as y 1 (x) = t 1 x 1 + t 3 x 3 1 + (higher terms) where (x 1 , y 1 ) = (x−a, y −b) assuming the tangent line is not x−a = 0. As B 2 does not have any flex, the equation h 2 (x, y) = 0 is solved as y 1 = s 1 x 1 +s 2 x 2 1 +(higher terms) with s 2 = 0. Thus I(C, B 2 ; P ) = 1 or 2 according to s 1 = t 1 or s 1 = t 1 .
First we consider the case (2-b). Then the cubic is either smooth or have a node. Thus it has at least 3 flexes. As the intersection B 3 ∩ B 2 are not flex points, we can find another flex point S ∈ B 3 , S = R. Taking flex tangent L := T S B 3 as the line component, the corresponding sextic is not of torus type. As a cuspidal cubic has a unique flex points, we see that a sextic C = B 3 + B 2 + B 1 with [3A 5 + A 2 + 2A 1 ] does not appear as a sextic of non-torus type. Now we consider (3) . Assume that the cubic is smooth. Then there are 9 flex points and B 1 , B ′ 1 , B ′′ 1 are flex tangents. The sextic is of torus type if and only if three flexes are colinear [9] . This case, the configuration is [3A 5 + 3A 1 ].
Finally we consider the case (2-a). In this case, B 3 ∩B 2 is a single point P and I(B 3 , B 2 ; P ) = 6 and the intersection singularity is A 11 . B 3 has at most a node and so it has at least 3 flex points. Taking a line component which is the flex tangent at S other than R, we get a sextic
We omit explicit examples for (2-a) and (2-b) as they can be easily obtained from sextic of torus type with the same configuration ( [10] ) and replacing the flex line B 1 . We only gives an example of (3). 
is of torus type if and only if P, Q, R are colinear, where L P is the tangent line at the flex point P . Let B 3 : f 3 (x, y) = 0. An Example of such a sextic of non-torus type is given by
We can moreover explicitly compute 9 flex points P 1 , . . . , P 9 as follows. Thus by a direct checking, we find the following 12 triples which are colinear.
C 10 := [P 4 , P 7 , P 8 ], C 11 := [P 5 , P 6 , P 7 ], C 12 := [P 2 , P 7 , P 9 ] 5.2. Sextics with two cubic components: C = B 3 + B ′ 3 . Now we consider sextics with two cubic curves B 3 , B ′ 3 . The possible configurations are
First we consider two cubics B 3 , B ′ 3 which are tangent at the origin with intersection number 9. Let f (x, y) = 0 and f ′ (x, y) = 0 be the defining polynomials of B 3 and B ′ 3 respectively and we may assume that the tangent line of B 3 is given by y = 0. Let y = Proof. This assertion is given by Artal in [1] . Our proof is computational. In fact, if t 2 = 0, O is a flex for both B 3 , B ′ 3 and we see that y = 0 is a flex tangent line for B 3 , B ′ 3 . Thus by Tokunaga's criterion, y 2 = 0 is the conic which gives a linear torus decomposition. For the detail about linear torus decomposition, we refer [10] .
Assume that t 2 = 0 and we prove that any such C is of non-torus type. In fact, supposing C to be a sextic of torus type, take a torus decomposition f (x, y)f ′ (x, y) = f 2 (x, y) 3 + f 3 (x, y) 2 . Put y 1 := y − ∞ i=2 t i x i . So the assumption implies that f (x, y 1 + φ(x)) × f ′ (x, y 1 + φ(x)) = y 1 (y 1 + cx 9 ) + (higher terms), c = 0 and thus y ′ 1 := y − 8 i=2 t i x i is the maximal contact coordinate and it is also the solution of f 3 (x, y) = 0 in y mod x 9 and f 2 (x, 8 i=2 t i x i ) ≡ 0 modulo (x 6 ). For the existence of a non-trivial conic f 2 (x, y), we see that the coefficient must satisfy:
J 0 := −3t 4 t 3 t 2 + 2t where g(x, y) is a cubic which corresponds to either f (x, y) or f ′ (x, y). Write g(x, y) as a generic cubic form with 10 coefficients (but by scalar multiplication, one coefficient can be normalized to be 1, say that of x 6 is 1, and we have 9 free coefficients), we solve the equations (♯) from j = 0 to j = 0 to j = 8 to express the coefficients in rational functions of t 2 , . . . , t 7 .
At the last step, we have one free coefficient undetermined, say the coefficient c of x a y b and a linear equation Coeff(g(x, 8 i=2 t i x i ), x, 8) = 0. This is written as K 1 c + K 0 = 0 where K 1 , K 0 are rational functions of t 2 , . . . , t 7 . Thus to have two non-trivial cubic solutions, we need to have K 1 = K 0 = 0. Now we can easily check that there are no solutions if we assume that J 0 (t 2 , . . . , t 5 ) = 0. The other assertion will be checked in the explicit construction of examples.
If t 2 = 0, there is no line L such that L intersects only at O. Thus the sextic can not be of torus type by the classification in [10] . However the above argument is useful for the explicit computation of non-torus sextics.
( 
Three conics
In this section, we study the last case C = B 2 + B ′ 2 + B ′′ 2 with the configuration of the singularities [3A 5 , 3A 1 ]. Such a sextic is given when each pair of conics are intersecting at two points: at one point, with intersection multiplicity 3 and at another point, transversely. We can understand Zariski pairs in this situation using conical flex points. Assume that the respective defining polynomials of B 2 , B ′ 2 , B ′′ 2 are f 2 (x, y), g 2 (x, y), h 2 (x, y) and the location of two A 5 's are P 1 = (0, 1), P 2 = (0, −1) with respective tangent cones are y ∓ 1 = 0. We assume further P 1 ∈ B 2 ∩ B ′ 2 and P 2 ∈ B 2 ∩ B ′′ 2 . We fix B 2 , B ′ 2 generically and consider a
